Mathematica 11.3 Integration Test Results

Test results for the 100 problems in "7.5.2 Inverse hyperbolic secant
functions.m"

Problem 1: Result unnecessarily involves imaginary or complex numbers.

JXB' ArcSech[a+bx] dx

Optimal (type 3, 203 leaves, 8 steps):

(2+17a2) | imazbx (1+a+bx) x? [ l-a-bx (1+a+bx) a(a+bx) | i-a-bx (1+a+bx
l+ra+bx l+a+bx l+ra+bx

— — + —

12 b* 12 b2 3 b*

1l-a-bx

(1+a+b x)
2
a*ArcSech[a+bx] 1 , a (1+2a?) ArcTan|
+ — X" ArcSech[a+b x] +
4b4 4 2b4

a+b x

Result (type 3, 225leaves):

1
12b*

_Zlravbx (2+2a+13a2+13a3+ (2-4a+9a2) bx+ (1-3a) b2x2+b3x3) -
l1+a+bx

3b%x* ArcSech[a+bx] -3a*Log[a+bx] +
-l+a+bx -1l+a+bx -1+a+bx
3a*log(l+ |[-———— +a [-——— +bXx |- |+
l+a+bx l1+a+bx l1+a+bx

6ia(1+2a’)Llog[-21 (a+bx)+2 clrarbx (1+a+bx) |
l+a+bx

Problem 2: Result unnecessarily involves imaginary or complex numbers.

sz ArcSech[a+bx] dx

Optimal (type 3, 153 leaves, 7 steps):
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5a [—La_bx (1+a+bx) X l—l_a'bx (1+a+bx)
1+a+b x l+a+bx

- +

6 b3 6 b2
133)( (1+a+b x)
) “asbx
a*ArcSech[a+bx] 1 | (1+6a%) ArcTan| asbx
+ — x” ArcSech[a +bXx] -
3b3 3 6 b3

Result (type 3, 200 leaves):

1 -1+a+bx ) 3 3
——| |-————— (5a*-bx (1+bx) +a (5+4bx)) +2b*>x*ArcSech[a+bx] -
6 b3 l+a+bx
3 3 -l+a+bx
2a’logla+bx] +2a’log[l+ |[-——
l+a+bx

i(1+6a%) Log[-21i (a+bx) +2

Problem 3: Result unnecessarily involves imaginary or complex numbers.

jx ArcSech[a + b x] dx

Optimal (type 3, 107 leaves, 6 steps):

1-a-bx (1 abx 9 iaibx)
+a+b X) ArcT 1+a+bx
1+a+bx aZArcSech[a+bx] 1 aArcTan| b x ]

- + = x%>ArcSech[a+bx] +
2 b? 2 b? 2 b2

Result (type 3, 176 leaves):

1 -l+a+bx ) 2 )
—— |- |-——— (1+a+bx) +b>x*ArcSech[a+bx] +a*Log[a+bx] -
2 b? l1+a+bx
) -l+a+bx
a’log[l+ |-—— _
l+a+bx

2ialog[-21 (a+bx) +2

Problem 4: Result more than twice size of optimal antiderivative.

JAr‘cSech [a+bx] dx
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Optimal (type 3, 44 leaves, 4 steps):

2 ArcTan| [ 220X |
(a+bx) ArcSech[a+ b x] Lrasbx

b b

Result (type 3, 105leaves):

1
X ArcSech[ja+bx] - ——
b -1+a+bx
l+a+bx
-1l+a+bx 1
o rarnR aArcTan| | +Logla+bx++/-1+a+bx V1+a+bx |
l+a+bx V-1+a+bx V1+a+bx

Problem 5: Result unnecessarily involves imaginary or complex numbers.

ArcSech[a + b x]
J dx

X

Optimal (type 4, 170leaves, 14 steps):

a (eAr‘cSech[a+bx] a eAr‘cSech[a+bx]
ArcSech[a+bx] Log[1 - | +Arcsechla+bx] Log[1- ————] -
1-+V1-a2 1+V1-a2

a eAr‘cSech[a+b X]

1-+1-a?2

[2’ 7e2Ar'cSech[a+b x] ]

ArcSech[a+bx] Log[1 + e2Aresechlarbx]]

+PolyLog|2,

+

a eAr‘cSech[a+b X]
PolyLog[Z, } - — Polylog

1++/1-2a2 2

Result (type 4, 332leaves):
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a (1+a) Tanh[ > ArcSech[a +bx] |
-4 i ArcSin]| | ArcTanh| 2 |-
2 \V1-a?

(_1 +4/1 - a2 ) @-ArcSech[a+b x]
ArcSech[a +bx] Log[1+ e 2Arcsechlabx] ], ApcSecha + b x] Log[1+

|+

a

a (,1 +4/1 - a2 ) @-Arcsechla+bx]

| Log[1+

2i ArcSin| |+

a

%

(1 4 1- a2 ) e—Ar‘cSech[a+bx]

ArcSech[a +bx] Log[1 -

} _

a
-1+a
a (1 + 1- a2 ) e—Ar‘cSech[a+b x]
2i ArcSin| | Log|1- ] + = Polylog[2, - e 2Aresechiasbx] |
2 a 2
(71 +W) e-Arcsech[a+bx] (1+W) e-Arcsechfa+bx]
Polylog|2, - | - PolyLog|2, ]

a a

Problem 6: Result more than twice size of optimal antiderivative.

X

JAr‘cSech [a+bx]
2

X
Optimal (type 3, 70leaves, 5steps):
\/1+a Tanh { ;-Ar“cSech [a+b x] }
b ArcSech[a+bx] ArcSech[a+bx] 2bAr‘cTanh[ 1-a }
- - +

a X avi-a?
Result (type 3, 244 leaves):

ArcSech[a + b x 1
- [a+ ]+ b |-Log[x] ++/1-2a%? Log[a+bx] -

x a1 e
5 -l1+a+bx -l+a+bx -l+a+bx )
\J1-a* Log[l+ [-———— +a |-———— +bx [-———— | +Llog[l-a’-abx+
l+a+bx l1+a+bx l+a+bx

Problem 7: Result more than twice size of optimal antiderivative.

ArcSech[a + b x]
J dx

x3
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Optimal (type 3, 133 leaves, 7 steps):

1-a-bx
b aox (1+a+bx) X
b4 ArcSech[a + b x]

.
2a(1—a2)x 2 a2

mTanh{lArcSech[awx]]
_a2) p2 :
ArcSech[a +bx] (1-2a?) b?ArcTanh|

_ o]

a? (1-a2)%?

2 x?

Result (type 3, 315leaves):

b [- 120X (1,3,px
\|  lratbx ( ) ArcSech[a+bx] (-1+2a?)b?Llog[x]

(-1+a)a(1+a)x x2 : a2 (1_32>3/2 )

bz Log [1 + _ -1+a+bx +a _ -1l+a+bx +bx _ -1+a+bx ]
b2 Log [a +b X] 1+a+b x l+a+b x 1+a+b x
+

a2

1
2

[ 2 2 _ a2 _ _ 52
> (1_32)3/2( 1+2a’) b*Log[l-a’-abx++/1-a

Problem 12: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JArcSech [a+bx]2

X

dx

Optimal (type 4, 274 leaves, 17 steps):

a eAr‘cSech[a+b X] a eAr‘cSech[a+b X] ]
1-+1-a? 1++/1- a2
a eAr‘cSech[a+bx]
ArcSech[a+bx]2 Log |1+ e2Aresechlasbx] | 4 5 ApcSech([a + b x] Polylog[2, ———————
1-+1-a2

| - ArcSech[a +bx] Polylog|2, -e?Arcsechiarbx]|

ArcSech[a+bx]? Log|1 - | +ArcSech[a+bx]?Log|1 -

+

a eAr‘cSech[a+b x]

1++/1-2a2

2 ArcSech[a + b x] PolylLog|2,

a (eAr‘cSech[a+b x]

1-+/1-a2
Result (type 4, 778 leaves):

a eArcsech[a+bx] 1 ) Arcsech (s
2 PolyLog[B, } -2 PolyLog[3, ] + = PolyLog[B, _ @2Arcsech(a+ X]]

1++/1- a2 2
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2
- = ArcSech[a+bx]>-ArcSech[a+bx]? Log |1+ e 2Arcsechlabx]]

3
(,1 +4/1- a2 ) @-Arcsechla+bx]
ArcSech[a+bx]?Log[1 + |+
a
-1+a
a (,1 +4/1- a2 ) @ Arcsechla+bx]
4 i ArcSech([a+bx] ArcSin[ ———] Log[1 + |+

\/? a

(1 4 1- a2 ) e—Ar‘cSech[a+bx]

ArcSech[a+bx]?Log|1- ] -

a

-1+a

a (1 +4/1 - a2 ) e—Ar‘cSech[a+bx]
4 i ArcSech[a+bx] ArcSin[ ———] Log[1 -

ﬁ a

ArcSech[a+b x]

|+

a eAr‘cSech[a+bx]
| +Arcsechla+bx]?Log[1- ————| -

“1+4/1- a2 1++V1-2a2

(—1+\/1—a2) 1- |- k=X (g 5. pbx)
l+a+bx

a(a+bx)

5 ae
ArcSech[a+bx]?Log|[1 +

ArcSech[a+bx]?Log|1 +

],
(1ev1oa? )

1- /—ﬁ (1+a+bx)
7} Log[1+

V2 a(a+bx)

(1+x/1—a2) (-1+ [~ L2bx (1, g, px)
1+a+b x

4 1 ArcSech[a + b x] ArcSin [

] -

ArcSech[a+bx]?Log[1 +

|+

a(a+bx)
121 a7 (1+ (R
a +a+
4 i ArcSech([a+bx] ArcSin[ ———] Log[1 + |+
2 a(a+bx)

a eAr‘cSech[a+b X]

R
~1+vV1-a?

[3) _eszr‘cSech[a+bx]} _

ArcSech[a+bx] PolyLog|[2, -e2Arcsechlasbx] | 4 3 ArcSech[a + b x] Polylog|2, -

a eAr‘cSech[a+b X] 1
| + = Polylog

1+4/1-2a2 2

a eArcSech[anb x] a eAr‘cSech[a+b x]
2Polylog[3, - ——————| - 2PolyLog|3,

—1+vV1-2a? 1+vV1-a?

2 ArcSech[a + b x] Polylog|2,
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Problem 13: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

JAr‘cSech [a+bx]2

x2

dx

Optimal (type 4, 224 leaves, 12 steps):
bArcSech[a+bx]%2 ArcSech[a+bx]?

+
a X

2bArcSech[a+bx] Log[1- M] 2bArcSech(a+bx] Log[1 - a eAresech[arbx] ]

1-4/1-a2

144/ 1-2%
- +
aVi1l-a? aV1l-a?
rcsech(a+b x| a eArcSech[mbx]
2 b Polylog |2, 2er=mee 2bPolylog|2, &&¥——
[ 1-+/1-a2 } [ 144/ 1-a2 }
avil-a? avil-a?

Result (type 4, 678 leaves):

1 (a+bx) ArcSech[a+bx]?

+
a X

1

(-1+a) Coth[%Ar‘cSech[a +bx]]
V-1+a?

V-1+a?

2b [2ArcSech[a+bx] ArcTan]|

1 (1+a) Tanh| 2 ArcSech[a+bx] |
2i ArcCos| =] ArcTan| 2

+

a V-1+a?
1 (-1+a) Coth[Z ArcSech[a+bx] |
ArcCos[ =] + 2 |ArcTan]| 2 ]+
a -1+a?
R (1+a) Tanh[%Ar‘cSech[a +bx] | -1+ aZ e sArcsechiabx]
rcTan| N |11 Log[ ]+
“1+a Noies —:ﬁ
1 (-1+a) Coth[% ArcSech[a+bx]]
ArcCos| =] - 2 [ArcTan]| 2 ]+
a V-1+a?2
APCTan[ (1+a) Tanh[iArcSech[aerx]} }J Log[megArcSech[amx] ] )
_ 2
V-1+a? N

a+b x
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1
ArcCos| =] +2ArcTan]|

a V-1+a?2
Log[—([(—1+a) [1+a—1’m/—1+a2] (—1+Tanh[1Ar'cSech[a+bx}]
2
(a (—1+a+1’1w/—1+a2 Tanh[lAr‘cSech[aerx]])])] -
2

1+a) Tanh[%Ar‘cSech[a +bx] |

(1+a) Tanh[%Ar‘cSech[a+ bx] | }]

)/

1
ArcCos| =] - 2 ArcTan|

(-1+a) (1+a+jm] (1+Tanh[§Ar~cSech[a+bx]}

a(—1+a+1’1mTanh[iAr‘cSech[awx]]) |+

Polylog|2, ((-1-]1\/?] (—1+a—1’1mTanh[iAr‘cSech[a+bx]]
(a (—1+a+1’1mTanh[iAr‘cSech[awx]])]]—

Polylog|2, [(i+w/—1+a2] (—1+a—1’1w/—1+a2 Tanh[lAr‘cSech[aerx]])]/

)

Log |

|/

i

|/

(a (7' (71+a> +4/-1+a2 Tanh[lAr‘cSech[aerx]}

2

Problem 14: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcSech[a+bx]2
J dx

x3

Optimal (type 4, 537 leaves, 23 steps):
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b2 | 222X (1,a+bx) ArcSech[a+bx]
lratbx b2 ArcSech[a + b x]?

+ —

a(l—aZ) (a+bx> (1_33,,() 5 2
b? ArcSech[a + b x] Log[1 - w]
ArcSech[a +bx]2 e
' _
2X2 a2 (17a2>3/2

eAr‘cSech |a+b x| }

2b2ArcSech[a+bx] Log[1- 2

eArcsech[a+bx] ]

b? ArcSech[a + b x] Log[1 - 2

1-4/1-a? 1+4/1-a?
a21/17&‘2 a2 (17a2>3/2

eArcsech[a+b x| }

2 b2 ArcSech[a +bx] Log[1- 2

3 eArcsech[asbx| ]

b? PolylLog|2,

144/ 1-a% b2 LOg[i] 1-4/1-2a%
+ +
22+/1_a? a? (1-a?) a? (1-a?%)%?

3 eArcsech[a+bx] ]

2 b2 Polylog|2,

3 eArcsech[a+bx] ] eArcsech [a+b x| ]

b? Polylog|2, 2b? Polylog[2, 2

1-+/1-2? 144/ 1-a? 14/ 1-a2

N
a2V1-a? a? (1-a2)%? a?V1i-a?
Result (type 4, 1439 leaves):
(a+bx)*ArcSech[a+bx]2
- +
2 a2 x?
-1+a+bx
bArcSech[a+bx] |-a [-————— (l+a+bx)+ (-1+a®) (a+bx)ArcSech[a+bx] /
l1+a+bx
b2 Log[b—x]
((—1+a) a2 (1+a> X) + 7327:4“

1 (-1+a) Coth[ % ArcSech[a+bx] ]
———————2b? |2ArcSech[a + b x] ArcTan| 2 |-
(-1+a?)*? N

1 (1+a) Tanh[ 1 ArcSech[a+bx] |
2 i ArcCos |~ | ArcTan| 2 |+
a V-1+a?
1 (-1+a) Coth[ 2 ArcSech[a+bx] |
ArcCos[ =] +2 |ArcTan]| 2 ]+
a V-1+a?
(1+a) Tanh[ 2 ArcSech[a +bx] ] /113 e sArcsech(aibx]
ArcTan | 2 11 Log|[ |+
N 2
1+a \/7\/?  bx

a+b x
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(-1+a) Co'ch[%Ar‘cSech[aJr bx] |

Ar‘cCos[l] -2 |ArcTan]| ]+
a V-1+a?
(1+a) Tanh[ > ArcSech[a+bx] | Vo1t a? e)Aresechiasbx]
ArcTan | 2 ||| Log| ] -
V-1+a? b
V2 a -

(1+a) Tanh[iAr‘cSech[a +bx]|

1
ArcCos [ —] + 2 ArcTan [

]
a V-1+a?
Log[—([(—1+a> [1+a—1‘1\/—1+a2] (—1+Tanh[1Ar‘cSech[a+bx}]
2
(a (—1+a+1’m/—1+a2 Tanh[lAr‘cSech[a+bx]] ] | -

2
(1+a) Tanh[iAr‘cSech[a +bx] | J

|/

1
ArcCos [ f] -2 ArcTan [

a V-1+a?
(-1+a) (1+a+1’1\/—1+a2) (1+Tanh{%Ar‘cSech[a+bx]”
a (—1+a+1’1\/—1+a2 Tanh[%Ar‘cSech[aerX}])

PolyLog|2, ((—1—1‘1xl—1+a2] (—1+a—1’m/—1+a2 Tanh[lAr‘cSech[anbx]]
2
(a ~l+a+iq/-1+a? Tanh[lAr‘cSech[aerx]])J]—
2
PolyLog|2, ((i+xl—1+a2] (—1+a—11x/—1+a2 Tanh[lAr‘cSech[aerx]])J/

)|

|+

Log|

i

)/

(a (—J’l (-1+a) ++/-1+2? Tanh[lArcSech[aerx]}
2

1 (—1+a)Coth[%Ar‘cSech[aerx}]

————————b? |2ArcSech[a + bx] ArcTan| ] -
a? (-1+a%)%? V-1 a2
1 (1+a) Tanh[ 1 ArcSech[a+bx] |
2i ArcCos | =] ArcTan| 2 |+
a vV -1+ a?
(-1+a) Coth[%Ar‘cSech[aerx]]

1
ArcCos| =] +2
a

ArcTan | |+

V-1+a?
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(1+a) Tanh] i ArcSech[a+bx] | V14 a2 e 2hresechiarbx]
Ar‘cTan[ } Log[ } N
V-1+a? b
V2 a -

1 (-1+a) Coth| % ArcSech[a+bx] |
ArcCos[~] - 2 |ArcTan]| 2 ]+
a AV -1+ a2
(1+a) Tanh|[ 2 ArcSech(a + b x] | meiArcSech[amXJ
ArcTan| 2 ||| Log| ] -
N 2
1+a NeINrY —aljﬁ

1
ArcCos| =] + 2 ArcTan|

a V-1+a?
Log[—([(—1+a) [1+a—1’m/—1+a2] (—1+Tanh[lAr‘cSech[a+bx]]
2
(a (—1+a+1’m/—1+a2 Tanh[lAr‘cSech[aerx]])J ] -

2

(1+a) Tanh[iAr‘cSech[a +bx] | J

1+a) Tanh[iAr‘cSech[aJr bx] | J

)/

1
ArcCos| =] - 2 ArcTan|

a Ny
(-1+a) (1+a+iV-1+a? | (1+Tanh[Arcsech(a+bx]]]
a (—1+a+1‘1\/—1+a2 Tanh[iAr‘cSech[a+bx}])

Polylog|2, ((—1—]1\/—14—32] (—1+a—1’1w/—1+a2 Tanh[lAr‘cSech[aerx]])J/
2
(a ~l+a+i~/-1+a° Tanh[lAr‘cSech[aerx]])]]—
2
Polylog|2, [(j+\/—1+a2] (—1+a—1‘1\/—1+a2 Tanh[lAr‘cSech[aerx]])]/

)

] +

Log|

i

[a (71'1 (-1+a) ++/-1+a° Tanh[lArcSech[aerx]}
2

Problem 17: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcSech[a+bx]3
J dx

X

Optimal (type 4, 378 leaves, 20 steps):
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ArcSech[a+b x] ArcSech[a+b x]

ae ae
ArcSech[a+bx]®Log[1- ——————] +ArcSech[a+bx]?Log[1- ———| -
1-+/1-a? 1++/1-a?
aeAr‘cSech[ebe]
ArcSech[a+bx]® Log[1 + e2Aresechlasbxl | 4 3 ApcSech[a +bx]2 PolyLog[2, ————— | +
1-+1-a?

a eArcSech [a+b X]

3 ArcSech[a +bx]?PolyLog|[2, | - =ArcSech[a+bx]?Polylog|2, - e?Aresechlasbx] ] _

1++/1-a2 2
a eAr‘cSech[a+bx] a eAr‘cSech[a+b x]
| -6Arcsecha+bx] PolyLog[3, ————| +

1-+V1-a? 1+vV1-a?

6 ArcSech[a + b x] PolylLog|3,

3 a eAr‘cSech[a+b x]
= ArcSech[a +bx] Polylog|3, -e?Aresechlarbx ], g polylog[4, ——— | +
2 1-V1-a2

a (eAr'cSech[a+b><]

6 PolylLog [4, } _ i PolylLog [4, _ @2ArcSech[a+bx] }

1++v/1-a? 4
Result (type 4, 1025 leaves):

1
- = ArcSech[a+bx]%-ArcSech[a+bx]?Log[1+ e 2Arcsechlarbx] |,
2

(,1+ 1- aZ ) e—Ar‘cSech[a+bx]

ArcSech[a+bx]® Log|1 + |+

a

-1+a

a (_1 +4/1-a? ) e—Ar‘cSech[a+bx]

6 i ArcSech[a +bx]?ArcSin[——] Log[1 +

vz a
(1 + 4/1 _ a2 ) e—Ar‘cSech[a+b X]

} +

ArcSech[a+bx]® Log|1 -

a
71;3 (1+W) @-Arcsech[a+bx]
6 i ArcSech[a +bx]?ArcSin[———] Log[1 - |+
7z :
a eAr‘cSech[a+b X] a eAr‘cSech[a+b x]
2 ArcSech[a +bx]3 Log[1+ | +2Arcsechia+bx]®Log[l- ——] -
-1++1-a? 1++/1-a?
(—1+\/1—a2) 1- |- kebx (1.a.pbx]
ArcSech[a+bx]3 Log[1 + ] -
a(a+bx)
-1+a (1+\/1a2)[1 | - =lrasbx <1+a+bX)J
a l+a+b x
6 i ArcSech[a +bx]?ArcSin[———] Log[1 + | -
V2 a (a+bx)

(1+\/1—a2) (1+ [ LX) 5. px)
1+a+bx

a(a+bx)

ArcSech[a+bx]®Log|1 +

]+
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+W) [—1+ | - Sleabx (1+a+bx)]
l+a+bx

6 i ArcSech[a +bx]? ArcSin| | Log[1 |-
a(a+bx])
[ _ -l+a+bx 1+a+bx ]
l+a+bx
ArcSech[a+bx]? Log[1 |-
“1++/1-2a? ) (a+bx)
a[1+ _ clrasbx (1+a+bx)J
l+a+bx
ArcSech[a+bx]® Log|1 - |+
(1+\/1—a2 ) <a+bx)
3 ArcSech[a+bx]2PolylLog[2, - e 2Arcsechiasbx] ]
2
a eAr‘cSech[a+bx] a eAr‘cSech[a+b x]
3 ArcSech[a+bx]?PolyLog[2, - ————————| + 3ArcSech[a+bx]?Polylog[2, —————] +
-1++/1-2a2 1+/1-2a2
3 a eAr‘cSech[a+bx]
= ArcSech[a +bx] Polylog[3, - e 2Arcsechlasbx] | _ g ApcSech[a + bx] Polylog(3, - ————————
2 1-2a°
a eArcSech[a+bx] 3
6 ArcSech[a + b x] Polylog[3, ———————| + = Polylog |4, -e 2Arcsechia:bx]]
1+1-a? 4
a eAr‘cSech[a+b X] a eAr‘cSech[abe]
6 PolyLog[4, - ——————| +6PolyLog[4, ———|
-1++/1-2a? 1++/1-2a2

Problem 18: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

ArcSech[a+bx]3
J dx

x2

Optimal (type 4, 330leaves, 14 steps):
bArcSech[a+bx]3 ArcSech[a+bx]3

+
a X

a3 eAresech[arbx] } 3 eArcsech[asbx]

3 bArcSech[a+bx]? Log[l - 3 bArcSech[a+bx]? Log[l -

1-+/1-a2 144/ 1-a2

aVi1l-a? aV1l-a?

3 eAresech[a+bx] }

6 bArcSech[a+bx] PolyLog|2,

3 eAresech[a+bx] }

6 bArcSech[a+bx] PolyLog|2,

1-4/1-a% 144/ 1-a%
aVvi1l-a? aVvi1l-a?

3 eAresech[atbx] }

3 eAresech[atbx] }

6bPolylog|3, 6bPolylog|3,

1-+/1-a% 1++/1-a%

avi-a? avi-a?
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Result (type 4, 1779 leaves):

1 1
- ———— |a~/-1+a? ArcSech[a+bx]?++/-1+a% bxArcSech[a+bx]>-6bxArcCos|-~]

av-1+a? x a

-1 ArcTan

V-1+2a% e Ve

{ (1+a) Tanh[; Arcsech[a+bx] | }

ArcSech[a+bx] Log]|

} +

1
\/? \/a— 1+aCos [2 ArcTan [ (1+a) Tanh{—Ar‘cSech[aer x]w ] }

\/ -1+a?

1
12 i bx ArcSech[a + bx] ArcTanh [Coth[ = ArcSech[a +bx] | ]

2
(1+a) TanhrlArcSech[mb x] |
-1 Ar-cTan{ 2 }
Vv-1+a% e V -1ea?

Log | | -

1
V2 Va |1+acCos [2 Ar‘cTan[ (1+a) Tanh[;ArcSech[aw x]} ] }

A/ -1+a?

1
12 i bx ArcSech[a + b x] ArcTanh |Tanh| = ArcSech[a + b x] | ]
2

(1+a) Tanh| > Arcsech[a+b x] |
-1 Ar‘cTan{ 2 }

V-1+a% e V-t

Log| ] —6ber‘cCos[—1}

a
1
,—2 ,—a 1+acos [2 ArcTan [ (1+a) Tanh[;ArcSech[aafb x]} ] }

A/ -1+a?

(1+a) Tanh[lArcSech[mb x] |
i Ar‘cTan[ 2 }

Vv-1+a? e Vv

ArcSech[a +bx] Log| |-

1
\/? \/a— 1+acos [2 ArcTan [ (1+a) Tanh{;ArcSech[aer x]} ] }

A/ -1+a?

1
12 i bx ArcSech[a + bx] ArcTanh [Coth[ = ArcSech[a +bx] ]
2

(1+3) Tanh > Arcsech[a+bx] | }

i ArcTan {

\/ 1+a?

Vv-1+a e

} +

Log|

1
\E \E 1+acCos [2 ArcTan [ (1+a) TanhL—Ar'cSech[am x]} ] }

3/ -1+a?

1
12 i b x ArcSech[a + b x] ArcTanh [Tanh [ — ArcSech[a + b x] } ]
2
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(1+a) Tanh[* Arcsech[a+b x| ]
i Ar‘cTan{ 2 }

V-1+a% e Vet

Log| ]+

1
\E \E \/ 1+acos [2 ArcTan [ (1+a) Tanh[;Ar‘cSech[a»fbx]} ] }

4/ -1+a?

1 \/—1+a2 (1+a) Tanh| Ar‘cSech[a+bx}]
6 b x ArcCos |- —| ArcSech[a +bx] Log]| |+

a
2 \ﬁ -1+a%) (a+bx)

-1+a) 1+a+b X)

12 1 b x ArcSech[a + b x] ArcTanh [Coth[ ArcSech[a+bx] ||
2

x/71+a2 (1+a) Tanh| Ar‘cSech[a+bx]]

Og
1+a2 (a+b x)
2+ a
-1+a) 1+a+bX

1 \/—1+a2 (1+a) Tanh| ArcSech[a+bx]}
ArcTanh [Tanh [ — ArcSech[a + b x] ] L

08
2 (3 -1+a?) b
+a (a+b x)
2 \/ -1+a) (l+a+bx)
b x /

(1+a+bx>
—i/-1+a% + (1+a) Tanh[lArcSech[a+bx]}

2

L

| -12i bxArcSech[a+bx]

+

1
6 b x ArcCos |- —| ArcSech[a+bx] Log[- | |i (-1+a%) |-
( 1+a)

} _

1
12 1 bx ArcSech[a + b x] ArcTanh [Coth [ — ArcSech[a + b x] } ]
2

. 5 b x
Logl- [1<1+3>J(_1+a> (1+a+bx) /

-1+ a? +b
\/?\/_( 2?) (a+bx) —i/-1+a + (1+a) Tanh[lAr‘cSech[a+bx]} |+

b x 2

1
12 1 b x ArcSech[a + b x] ArcTanh [Tanh [ — ArcSech[a + b x] } ]

/

. 2 b x
Log[_ [1 <_1+a ) \/_ (71+a) (1+a+bx)
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—i/-1+a + (1+a) Tanh[lAr'cSech[aerx]}

2

} _

1
(—Ji tias+ /7_1+a2 ) (—]']. . (1+a) Tanh ;Ar‘cSech[aerx]w J
\/ -1+a? ]
+

a (1+Tanh[iAr‘cSech[a + bx]]

31ibxArcSech[a+bx]?Log]|

(j_ _ias+ m) []l N (1+a) Tanh[i—Ar‘cSech[mbxw J
4/ -1+a? ]

a (1+Tanh[iAr‘cSech[a+bx]])

(1711\/71+a2) [1 | - eabx (1+a+bx)]

3ibxArcSech[a+bx]?Log]|

6 i bxArcSech[a+bx] Polylog|2,

|+

a(a+bx)
(1+J’1\/—1+a2) {1 | - lrasbx (1+a+bx)]
1+a+b x
6 i bxArcSech[a+bx] Polylog|2, ] -
a(a+bx)
(1—1’1\/—1+a2) {1- [~ 2% (1ha4bx)
6 i bxPolyLog|3, ]+
a(a+bx)
1+J'l\/71+a2) {1 ,,*11;37*:3: <1+a+bx)
6 i bx PolyLog|3, ]
a(a+bx)

Problem 19: Unable to integrate problem.

ArcSech[a+bx]3
J dx

x3

Optimal (type 4, 965 leaves, 32 steps):
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3p2 | abx (1+a+bx) ArcSech[a+bx]?
3 b2 ArcSech[a +bx]2 Leasbx

23 (1-2)  2a(1-a) (acbx) (1o

a+b x

+

3 eAresech[asbx]
1-4/1-a%

b? ArcSech[a+bx]3> ArcSech[a+bx]3
- + +

2 a2 2 x2 a2 (1—a2>

3 b% ArcSech[a + b x] Log[l -

a ehresech[arbx]

1-1/1-a2

a ehresechlaibx] }

1-4/1-a2

3b2ArcSech[a+bx]?Log[1 - 3b2ArcSech[a+bx]?Log[1 -

- +
2a% (1-a2)°"? a21-az
3b%ArcSech[a+bx] Log[1 - 3 ereserhlanty] ] 3b%ArcSech[a+bx]2Log[1- a ehresect(arox] ]
1+\/§ 124122
- +

(1) rot (127"

a eAresech[aibx] } a eArcsech[a+bx]

3 b? PolyLog[Z,

1122 14122

e  (1-47)

4 ehrcsech|a-bx]
14122 )

a? (1-a?%)%? a2\V1-a?

a cArcsech[asbx]

1+4/1-2a%

3 b2 ArcSech[a+bx]? Log[l -

a eAresech[a+bx]

1-4/1-a%

3 b2 ArcSech[a + b x] PolyLog [2, 6 b2 ArcSech[a + b x] PolylLog [2,

a eArcSech[mbx] ]

144/ 1-a?

3 b2 PolyLog|2, 3 b2 ArcSech[a +bx] PolyLog|2,

- +
a? (1-a?) a? (1-a2)%?
6 b2 ArcSech[a + b x] PolylLog|2, 2 ghresech (o) 3b%Polylog|3 a efresechlerba)
> 1f1a | > 11a |
- +

a2/1- a2 32 (1—a2>3/2

a ghresech [a+bx] ]

a eAr‘cSech{ame ] a eArcSech[mbe }

3 b2 PolyLog|3, 6 b2 PolyLog|3,

1-+/1-a2 144/ 1-a° 144/ 1-a2
a2+/1 - a? a? (1-a?)*"? 22+/1_2a2

6 b2 Polylog |3,

Result (type 8, 14 leaves):

ArcSech[a+bx]3
J dx

x3

Problem 29: Result more than twice size of optimal antiderivative.

ArcSech[a x"]
J— ax

X
Optimal (type 4, 61 leaves, 7 steps):

ArcSech[ax"]2 ArcSech[ax"] Log [1 + @2ArcSech|ax"] } PolylLog [2, _ @2ArcSech|ax"] ]

2n n 2n
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Result (type 4, 219leaves):
1

ArcSech[ax"| Log[x] + ————————
8 (n-anx")

1-ax"
4+/-1+a’x2" ArcTan[+/-1+a?x?" | (2nLog[x] - Log[a?x*"]) +
1+ax"
/ 2,2 2,2 2,2 1
1-a%x*" Log[ax”} 4Log[axn Logf[ 1-a2%x?
2
1
2Log[7( 1++/1-a2x?" } -4 Polylog|2 aZx2n )]
2

Problem 31: Result more than twice size of optimal antiderivative.
JAr‘cSech [ce®*] dx
Optimal (type 4, 77 leaves, 7 steps):

ArcSech[c e™*]*  ArcSech|[c x| Log[1+ e2Aresech(c=™™ ] polylog|2, - e2Aresech[ce™™]]
2b b 2b

Result (type 4, 249 leaves):

1
x ArcSech[c e®®*] -
8b1-cedbx

A/ 1+ cebx [Ar‘cTanh \/ (avbx) ] (8bX74Log[c2 e2 <a+b><)” _

a+bx

1+cC ea+bx

Log[c? e? (a*b’”]z +4Log[c?e? @ ] Log|

N |

( i 1—C2(82<a+bx))}—

(1_ 1_c2e2(a+bx) ]]]

2 Log| ( + 1—c2e2(a*bx>]]2+4P01yLog[2,

N |
N |

Problem 33: Result unnecessarily involves imaginary or complex numbers.

JeAr*cSech[a X] X3 dx

Optimal (type 3, 84 leaves, 5steps):

V1+ax ArcSin[ax]

3 l+ax
X 1 xV1-ax
- eAr‘cSech [ax] X4 _ +

+

12a 4 8 a*
g8a3 | -
l+ax

Result (type 3, 97 leaves):
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1-ax l1-ax
8a’x’-3a (x+ax?-2a>x’-2a°x*) +3ilog[-2iax+2
4

24 a l+ax l+ax

(1+ax>]

Problem 35: Result unnecessarily involves imaginary or complex numbers.

JeAr'cSech [ax] x dx

Optimal (type 3, 53 leaves, 4 steps):

1 /1+ax ArcSin[ax]
X 1 l+ax
ArcSech[ax] X2 .
2a2

-+ — €

2a 2

Result (type 3, 75leaves):

2ax+ax lﬁ (1+ax) +iLlog[-2iax+2 /ﬁ (1+ax)]

2 a2

Problem 36: Result more than twice size of optimal antiderivative.
JeArcSech[a x] dx

Optimal (type 3, 24 leaves, 3 steps):
ArcSech[a x] Log[x]
- +

ArcSech[ax] X

e
a a

Result (type 3, 79leaves):

l-ax l-ax l-ax
= (1+ax) +2Loglax] —Log[1+\/1+ax +ax\/1+aX ]

a

Problem 37: Result unnecessarily involves imaginary or complex numbers.

eAr‘cSech [ax]
—dx
X

Optimal (type 3, 48 leaves, 5 steps):

2 1-ax
—7+2ArcTan[

l+ax
1- l-ax
1+ax

Result (type 3, 75leaves):
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1-ax l1-ax
-ilog[-2iax+2 (1+ax)]
l+ax l1+ax

Problem 38: Result more than twice size of optimal antiderivative.

eArcSech [aX]
—dx
X2

1
-—+
aX

1
I J—
aX

Optimal (type 3, 35leaves, 6 steps):

eAr‘cSech [ax] 1
— +aArcTanh [
2 X 1+ax

-aX

Result (type 3, 93 leaves):

2% (1+ax)
1 1 1+ax 1-ax 1-ax
B ~alog[x] +alog[l+ +ax ]
2 a x2 a x2 l+ax 1+ax

Problem 45: Result unnecessarily involves imaginary or complex numbers.

JeAr'cSech[a x?] %7 dx

Optimal (type 3, 111 leaves, 6 steps):

i x2 | ivaxt Vi-aix | - V1+ax? ArcSin[ax?]
1 +a X +a X

X . _eAr‘cSech[axz] X8 _ +

24a 8 16 a3 16a*

Result (type 3, 111 leaves):

1-ax? 1-ax?
8a*x®-3a (x*+ax*-2a2x°-2a>x%) +3ilog[-2iax?+2
48 a* 1+ax? 1+ax?

(1+ax2)]

Problem 46: Result unnecessarily involves imaginary or complex numbers.

JeArcSech[a x2] X6 dx

Optimal (type 4, 115leaves, 5steps):
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. 2x [ —— Vl+rax? V1-a?x*
2X 1 +a X
+ = ghresechlax?] 47 _ .

35a 7 21 a3

2 1 Ji1iax? EllipticF[Ar‘cSin[\E x], —1}

l+ax?

21 a7/2

Result (type 4, 139leaves):

g2
x | iaxt (—2—2ax2+3a2x4+3a3x6)
x5 1+ax?
X, ~

5a 21 a3

21 /% V1-a?x* EllipticF|[i ArcSinh[+v/-a x], -1]

21 (-a)72 (-1+ax?)

Problem 48: Result unnecessarily involves imaginary or complex numbers.

JeArcSech[a x2] x4 dx

Optimal (type 4, 112leaves, 7 steps):
/ : :Xz V1+ax? EllipticE [Ar‘cSin[\/? x} , —1]

s 2
2 X 1 2
- eAr‘cSech[ax | X5 4+

.
154 s 5 a5/2
ZEmEnipticF[ArcSin[ﬁx], -1]
+a X
5a5/2

Result (type 4, 140leaves):

2
, 3 i’a—xz (x3+ax5)
1 5X +a X
- . +

15 a a

_ 2
- 1-ax m (EllipticE[il ArcSinh[+/-a x], -1] - E1lipticF]|

1+ax?

i ArcSinh[+/-a x], _1]) /((—a)5/2 (-1+ax))

| 21
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Problem 49: Result unnecessarily involves imaginary or complex numbers.

JeAr'cSech[a x?] x3 dx

Optimal (type 3, 63 leaves, 5steps):

1 2 s 2
- | .2 Vil+ax® Arcsin[ax?]
ArcSech|ax
4a°

2
X 1
—+ —e I'x4+

4a 4

Result (type 3, 92 leaves):
laxt (1+ax?)]

— 2 . .
2ax?+a | 12X (x2+ax4)+1Log[—21ax2+2
l+ax? l+ax?

4 32

Problem 50: Result unnecessarily involves imaginary or complex numbers.

JeAr*cSech[a x2] x2 dx

Optimal (type 4, 67 leaves, 4 steps):

\/ZmEllipticF[Ar‘cSin[\/a_ x|, -1]

2
Z_X + 1 e/-\rcSech[axz} 3+
3a 3 3 33/2
Result (type 4, 116leaves):
[]'l ArcSinh [\/ -a x] R —1]

laxt (x+ax®) 2i 1axt /1 aZx% EllipticF
N 1iax2 1+ax?

3(-a)%2 (-1+ax?)

R _
a

3a
Problem 52: Result unnecessarily involves imaginary or complex numbers

JeAr'cSech [ax?] dx

Optimal (type 4, 147 leaves, 8 steps):
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2 L J1+ax? V1-aZxt
l+ax
Arcsechlax®] y _

ax ax
2 : 1 ~ V1+ax? EllipticE[Ar‘cSin[\E x], —1}
+a X
.
Va
2 | ; 1 - V1l+ax? EllipticF[Ar‘cSin[\/? x], —1}
+a X
Va

Result (type 4, 135leaves):

1-ax? 1 1-ax?
- 21 \J1-a2x?
1+aX2 A/ -a (_1+aX2> 1+aX2

(EllipticE [iArcSinh[+/-a x|, -1] - EllipticF|i ArcSinh[+/-a x], —1])

1
-—+
axX

-—-X
ax

Problem 54: Result unnecessarily involves imaginary or complex numbers.

@Arcsech [ax?]
Ji dx
X2

Optimal (type 4, 115leaves, 5steps):

2 eAr‘cSech[axZ} 1+ax?
- +
3ax3 X 3ax3
2 1
“+Ja ; \/1+ax? EllipticF[ArcSin[Va x|, -1]
3 1+ax

Result (type 4, 123 leaves):
. /ﬁ (1+ax?) 2i+/-a Laxt \[1 g2 44 EllipticF[i ArcSinh[+/-a x], -1]

lrax?

- - +
3ax3 3ax3 -3+3ax?

Problem 58: Unable to integrate problem.

JeAr'cSech [ax] x™ dx

Optimal (type 5, 91 leaves, 4 steps):
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X™ \/1+ax Hypergeometric2F1 [ L, 2, a2 x?]
XM <eAr*cSr—.\ch [ax] X1+m l+ax 2

+ +
m(1+m) 1+m am(1+m)

Result (type 8, 12leaves):

JeArcSech x™ dx

Problem 63: Result unnecessarily involves imaginary or complex numbers.

eArcsech [axP]
Ji dx
X

Optimal (type 3, 87 leaves, 6 steps):

1 .
V1+axP ArcSin[axP
xP xP+1-axP \ Lrax? [ ]
ap /
1
ap 1+axP

Result (type 3, 96 leaves):

1 1-axP 1-axP
-—i|-ixP-1 a+xp +aLog -2iaxP+2 1+axp
ap 1+axP 1+axP

Problem 65: Result unnecessarily involves imaginary or complex numbers.

jez ArcSech[ax] X4 dx

Optimal (type 3, 203 leaves, 9 steps):

- 1ax 4 1ax
s [r et e B et s [
+ + +

4 3° 5a° 10 a°

314445 | Llax

l+ax

(1+ax)

4 a° 30 a° 2a°

Result (type 3, 105leaves):

40a3x3-12a° x° -

60 a°

1-ax 1-ax
(x+ax?-2a*x*-2a*>x*) +151 Log[-2iax+2
l+ax l+ax

15 a

(1+ax)]
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Problem 67: Result unnecessarily involves imaginary or complex numbers.

Jez ArcSech[ax] X2 dx

Optimal (type 3, 169 leaves, 7 steps):

1- 1-ax 1+ l-ax
l+ax l+ax

2a3

(1+ax)

4
l-ax 1-ax
1+ 1 ] 2 ArcTan| = ]

+ _
6 a’ 12 a3 a3

Result (type 3, 86 leaves):

§ xz) ilog[-2iax+2 /ﬁ (1+ax)]
— + — | +

aZz a

2x X3 1-ax

az 3 l+ax
Problem 77: Result unnecessarily involves imaginary or complex numbers.

je-Ar‘cSech[a x] X3 dx

Optimal (type 3, 163 leaves, 7 steps):

lﬁ (1+ax)4 (1+ax) 8+ lﬁ}
N

4% 8a*
2 l-ax 3 l-ax 1-ax
(1+ax) 8+5 ,1+ax J (1+ax) 4+9 . Ar‘cTan[ ,—1+ax }
+ +
8 a* 12 a* 4 a%
Result (type 3, 97 leaves):
l1-ax l-ax
8a’x>+3a (x+ax?-2a’x’-2a°x*) -3ilog[-2iax+2 (1+ax)]

24 a* l+ax l+ax

Problem 79: Result unnecessarily involves imaginary or complex numbers.

Je—Ar‘cSech[a x] x dx

Optimal (type 3, 94 leaves, 5steps):
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2
2 1- i:i] (1+ax) 1+ ﬁ Ar\cTan{ ﬁ]
+ +

4 32 2 a2 a?

(1+ax)

Result (type 3, 75leaves):

~2ax+ax lﬁ (1+ax) +ilog[-2iax+2 /1:2 (1+ax)]

2 a2

Problem 81: Result unnecessarily involves imaginary or complex numbers.

e—Ar‘cSech[a X]
J s ax
X

Optimal (type 3, 46 leaves, 5steps):

2

1-ax
- ————— - 2ArcTan|

1+ax

1+ l-ax
l+ax

Result (type 3, 74 leaves):

1-ax
1+— +1Log -2iax+2 1+ax
l1+ax l1+ax

Problem 88: Unable to integrate problem.

eAr‘cSech[cx] (d X)m
J ax
1-c?x?
Optimal (type 5, 89 leaves, 5 steps):
d x l V1+cx Hypergeometr‘1c2F1[ ?, 2?'", c? XZ}

C

v 3
N
N
N

(d x)"Hypergeometric2F1|1, , %", c2x?]

cm

Result (type 8, 26 leaves):

ArcSech[c x] (d X) m

€
J dx
1-c2x?

Problem 90: Result unnecessarily involves imaginary or complex numbers.

3

eAr‘cSech[c X] X
——dx
1-c2x?
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Optimal (type 3, 75leaves, 7 steps):
\V1+cx ArcSin[cx]

X xV1l-cx 1rex ArcTanh[c x]
-— - + +
c3 2ct ct
2¢3 1
1+CcXx

Result (type 3, 110leaves):

1-cx 1-cx
-—|2cx+CX
2ct 1+cx l1+cx

Log[1l-cx] -Log[1+cX] —jLog[—chx+2

1-cx

Liex <1+cx)]

Problem 92: Result unnecessarily involves imaginary or complex numbers.

<eAr‘cSech[c x] x
J Yax
1-c?2x?

Optimal (type 3, 37 leaves, 5steps):

V1+cx ArcSin[c x]
1rex ArcTanh[c x]
¥

2 2

C C

Result (type 3, 68 leaves):

ilog[-2icx+2 [ (1+cx)]
Log[l-cx] Log[l+cx] lrex
- +

N
2 c? 2 c? c?
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Summary of Integration Test Results

100 integration problems

A - 63 optimal antiderivatives

B - 7 more than twice size of optimal antiderivatives
C - 27 unnecessarily complex antiderivatives

D - 3unable tointegrate problems

E - Ointegration timeouts



